We present a disturbance rejection mechanism for the formation ying of multiple spacecraft based on a robust control approach in terms of an H 1 control problem. The corresponding H 1 control problem is then solved numerically using linear matrix inequalities.
Introduction
Formation ying FF has been identi ed as an enabling technology for many of the NASA's 21 st century missions, among them, the Deep Space 3 and the Terrestrial Planet Finder. Formation ying involves ying a group of spacecraft in a particular pattern while maintaining precise but often time varying relative position, velocity, attitude, and angular velocity, with respect to each other 2 , 6 . Since traditional spacecraft control is often concerned with measuring and maintaining the same quantities for a single spacecraft with respect to an inertial reference frame, the analogous FF control and estimation problems are often an order of magnitude more challenging than those encountered traditionally for a single spacecraft. In order to make the FF control problems at least similar to the single spacecraft case, an approach based on leaderfollowing has been proposed by W ang and Hadaegh 7 also refer to 8 . The basic idea in leader-following LF is to designate a particular frame or multiple frames in the FF as the reference frames and measure and control the states of the rest of the formation with respect to them.
The present paper addresses the problem of designing a control law for the follower spacecraft in an LF formation Email: mesbahi@hafez.jpl.nasa.gov y Email: fred.y.hadaegh@jpl.nasa.gov which is guaranteed to attenuate the e ects of environmental disturbances on the performance of the leader following. The results of the paper are in direct relevance to those reported 4 and 7 for the formation keeping problem. Building on the basic feedback linearization scheme in 7 , we propose a control mechanism for the formation in the presence of disturbance forces and torques based on the H 1 methodology. The linear matrix inequality LMI 1 f o r m ulation of the corresponding H 1 problem is then used to design a candidate controller which is, in the H 1 sense, optimal.
The organization of the paper is as follows. In x2 the assumptions which constitute the framework for the formation keeping problem are listed. In x3 a n d x4 the basic facts and the formulation of the problem considered in the paper are presented, followed by the design techniques which i n troduce the H 1 formulation of the disturbance rejection. A n umerical example and the corresponding simulation result are then presented in x5.
First a few words on the notation. Formation ying consists of ying a group of spacecraft in a particular pattern. To be able to express the time evolution of the formation and design the corresponding control laws, it is convenient that a reference frame is attached to each spacecraft. We shall always assume that these reference frames are induced from a dextral set of three orthonormal vectors. Let the formation have n spacecraft labeled as 1 2 : : : n. Let 
Assumptions
We consider a group of spacecraft which are to be kept in a particular formation pattern. The attitude control of the spacecraft in particular is not considered in the present study. H o wever, the orientation of the spacecraft does play a role in the formation keeping problem, since the angular velocity of the spacecraft e ects the measurements of relative distances and velocities. The following assumptions are explicitly made in the present paper:
1. One spacecraft is designated as the leader in the formation the rest are referred to as the followers. 2. The leader chooses its control force to acquire the desired position, etc. independent of the followers' dynamics. 3. The leader communicates its control action to the followers at each instant of time. 4. The followers can measure, for example via the Autonomous Formation Flying sensor AFF 5 , relative distance and velocities to the leader.
5. The followers have knowledge of their own absolute positions, velocities, and angular velocity, and their attitude with respect to an inertial frame. 6. A commanded di erential vector with respect to the leader, expressed in the inertial frame, is supplied to the followers during a particular nite time interval. 7. Uncertainties, in terms of disturbance forces and torques on the follower spacecraft are present. These disturbances are causes by solar pressure, gravity g r adient, aerodynamic, or magnetic forces. 8. Uncertainties, in the spacecraft dynamics model, as well as in the communication channel, are considered to be negligible. We shall present results pertaining to some of these issues in the subsequent papers. Under these assumptions, the follower chooses its control force and torque based on the knowledge of its own dynamics and the control that was used by the leader to track a desired trajectory. We note that relaxing some of these assumptions result in a signi cant change in the techniques which can be used to address the formation keeping problem. The di erential equations 3.9-3.11 describe a nonlinear dynamical system whose state represents the evolution of the position error, position rate error, and the angular velocity of the follower spacecraft, in the follower's coordinate system. In general, one would like t o c hoose the control action such that the error terms go to zero, while certain optimality conditions, and state and control constraints are satis ed. Since designing non-conservative optimal nonlinear controllers in their full generality i s a formidable task, one often restores to less ambitious objectives, via for example feedback linearization.
We notice that the parameters available for the control purposes are control force u i c and torque i c . H o wever, the control torque might be independently used to obtain a desired orientation during the maneuver, in which case, one would merely focus on obtaining an expression for u i c . Suppose that the control force and torque are represented as, The subscript ' ' above is used to denote the 'feedback linearization' term. The dynamics is thus simpli ed to, _ x 1 t = x 2 t _ with a probability which can be chosen to be arbitrary close to one now consider the convex hull of . For the purpose of the present discussion we shall assume that the convex hull is a polytope in 33 . T h us, there exists matrices T 1 : : : T l , such that T 2 Co fT 1 : : : T l g where Co denotes the operation of taking the convex hull of a set.
The dynamics of the leader following can thus be represented as, We n o w focus on proposing a state feedback control law which has as its goal, the minimization of the RMS gain of the resulting family of closed loop feedback systems which represent the follower spacecraft dynamics.
State Feedback Synthesis
In this section we present a state feedback control which aims to minimize the RMS gain of the family of closed loop systems which represent the dynamics of follower spacecraft. The follower dynamics with the controller in the feedback loop can thus be represented as in Figure  2 , where K is considered to be a constant state feedback gain.
For simplicity of the present discussion, we shall assume that D zw = 0, i.e., that the noise does not directly a ect the output signal z. L e t ut = Kxt in 3.14-3. 
An Example
In this section we provide an example and the corresponding simulation result for the proposed state feedback synthesis procedure discussed above. For this purpose, given the matrices A 1 : : : A l , B u , a n d B w , as in 3.14, we c hose the following matrices for the simulation purposes, C z = I and D zu = 0 :
The LMItool, an optimization package developed by E l Ghaoui, Nikoukhah, and Delebercque based on the SP code of Boyd and Vandenberghe, implementing the primal dual interior point method for solving semi-de nite programs, was used to solve the SDP 4.18-4.18. The disturbance force and torque was modeled as a band limited white noise. The simulation result is depicted in Figure 3. 
Conclusion
We proposed a disturbance rejection mechanism for the formation keeping problem. The disturbance rejection problem is rst formulated in terms of a family of H 1 optimization problems. We then proceeded to solve these H 1 problem using their LMI formulations via the recently proposed interior point methods. A n umerical example was provided to demonstrate the usefulness of the proposed approach for formation ying in the presence of RMS bounded disturbance forces and torques.
